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Abstract
Neuronal circuits known as central pattern generators (CPG) are responsible for
the rhythmic motions in animal locomotion. These circuits exploit the resonant
modes of the body to produce efficient locomotion through sensory feedback. As
such, the neuronal mechanisms are of interest in the control of autonomous robotic
vehicles. The objective of this study is to establish a design framework that integrates synthesized CPGs with tensegrity structures, with the goal of resonance
entrainment. Tensegrities are novel, nonlinear dynamic structures featuring high
strength to weight ratios, embedded actuation and sensing, and tunable stiffness.
A two-neuron circuit known as a reciprocal inhibition oscillator is integrated with
tensegrity structures with a pair of antagonistic actuators and collocated sensors.
Each neuron has control of a cable length, and the sensory signal (current, stretched
length) from the cable is fed back to the neuron. The frequency and amplitude of
closed-loop oscillation are analyzed via harmonic balance, and a systematic method
for control design is proposed to achieve entrainment to a prescribed resonance
mode.
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1

Introduction

Rhythmic motion in animals is ultimately controlled by central pattern generators (CPGs), which are systems of neurons connected in such a way that
their membrane potentials autonomously oscillate with particular phase relationships between individual neurons. Brown [1] first illustrated that the CPG
was responsible for this behavior and suggested that sensory feedback served
to regulate the CPGs activity. He also cited reciprocal inhibition, where the
activity of antagonistic neurons inhibit each other, as a fundamental mechanism in rhythm generation. Pearce and Friesen [29] examined the contribution
of sensory feedback, as well as peripheral neuronal and mechanical effects,
to the coordination of rhythmic activity by comparing intact swimming of
medicinal leeches and “fictive swimming” of isolated nerve chords. Friesen [5]
then pointed out that reciprocal inhibition is responsible for oscillatory motion in many species. He also showed that dynamic properties like synaptic
fatigue and impulse adaptation play an important role in oscillatory circuits.
Ultimately, the literature illustrates that CPGs, consisting of neurons with
reciprocal inhibition, are basic control units for rhythmic patterns. Sensory
feedback has the ability to fine tune these patterns, resulting in coordinated
signals essential to animal locomotion [6, 19, 28, 44].
These studies in biology have attracted the attention of engineers seeking efficient control methodologies in robotics. Taga et al. [39] employed neuronal
circuits to control double pendulums modeling legs for bipedal locomotion, and
observed robust entrainment of the CPG to the mechanical system’s resonance
frequency. Williamson [43] used a CPG to control an arm with entrainment
to a hanging mass system, as well as turning a crank and ‘playing’ with a
slinky. Kimura et al. [18] experimentally verified synthetic neuronal control
of a quadruped walking on irregular terrain as well as running on flat terrain using reflex signals to coordinate the CPG. Lewis and Bekey [20] and
Nakanishi et al. [27] also applied neuronal circuits to gait control and Lewis et
al. [21] demonstrated the ability to create in silico CPGs. Chen and Iwasaki
[3] developed a method for synthesizing oscillators with prescribed frequency,
phase, and amplitude, and how to design such oscillators for feedback control
of an optimized locomotion variable.
Engineers have also investigated the mechanisms that provide entrainment
of neuronal circuits to a resonance of dynamic systems for efficient oscillations [12, 43]. Verdaasdonk et al. [40, 41] simulated the neuro-musculo-skeletal
system of the human arm, observing the conditions necessary for a reciprocal
inhibition oscillator (RIO) to entrain to a resonance. Williams and DeWeerth
[42] performed a case study of a simulated single degree of freedom (DOF)
mass-spring-damper system controlled by an RIO, and commented on the
form of feedback necessary for the RIO to entrain to the dynamic system
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when the RIO’s intrinsic frequency is either above or below the resonance
of the mechanical system. Iwasaki and Zheng [15] compared the entrainment
of different RIO models to a pendulum, mapping the frequency against neuronal parameters. Then they used the method of harmonic balance to predict
entrainment. Futakata and Iwasaki [9] formalized the graphical analysis in
[15] and illustrated that negative integral feedback and positive rate feedback
are responsible for robust entrainment. All these studies focused on classical
structures and models of one DOF systems like the pendulum and mass-springdamper.
In the design of robotic locomotors, efficient propulsion can be achieved by
exploiting a resonance. While CPGs appear to provide a fundamental control
framework for such applications, tensegrity structures are particularly suitable
for the mechanical part of the design due to their similarity to musculoskeletal
systems. Tensegrities are systems of bars held in compression with stability
by a network of cables (or strings) in tension [32], where the bars and cables can act like bones and muscles in biomechanical systems. The cables in
tensegrities provide a method of simultaneous actuation and sensing [22, 25],
which is analogous to the biological motor control mechanism of regulating
muscle stiffness through motoneuron activation and sensing the resulting motion by stretch receptors. Originally developed by Snelson [34] and Fuller [7],
tensegrities have attracted interest due to their high strength to weight ratios as well as their actuation capabilities [4, 37]. The statics [2, 24, 30] and
dynamics [26, 31, 33] of tensegrities have been studied extensively. Their use
as deployable antennae has been analyzed [8, 38], as well as controllable platforms for flight simulators [16, 35]. Despite various engineering applications of
tensegrity structures, there seem to have been very few studies on tensegrities
in the context of morphing locomotors.
This paper develops a systematic method for designing a CPG-based feedback controller that achieves entrainment to a resonance for a general class of
tensegrity structures. We illustrate the potential of the tensegrity-CPG control
system for robotic applications, which has not been recognized in the control or
robotics communities. Coupling of neuronal control strategies with tensegrity
structures provides a promising avenue for realization of morphing locomotors
inspired by biology. We will define a general class of multi-DOF tensegrity
structures, and develop a method to design a CPG controller to achieve entrainment to a prescribed resonance mode of oscillation. A single antagonistic
pair of actuators is employed, where the formalization of the concept of an
antagonistic actuator-sensor pair is a novel contribution. The design method
is based on harmonic balance [13] and hence an oscillation near a resonance
is to be achieved only approximately. The effectiveness of the proposed design
method is illustrated by a three-cell tensegrity beam, which provides a basic
platform for robotic underwater vehicle applications.
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2

Problem Formulation

This section formulates a control design problem. We consider the dynamics of
a general class of tensegrity structures for the plant, and develop the concept
of antagonistic actuation and sensing. The problem is to design a feedback
controller that achieves a closed-loop oscillation near a prescribed resonance
mode. We adopt a control architecture based on a CPG as described below.

2.1

Tensegrity System

We consider a general tensegrity structure formed by multiple rigid bars connected by multiple flexible cables. The structure maintains a fixed shape at
its nominal configuration through a static equilibrium of cable tensions. The
shape can be deformed through actuators that change the rest lengths of some
cables. Let θ(t) ∈ Rn be a set of generalized coordinates representing the
shape. For the ith cable, let li (t) be the current (stretched, deformed) length
and λi (t) be the rest (original, undeformed) length. The cable is in tension
when li (t) > λi (t). We define the length vectors l(t), λ(t) ∈ Rm by stacking
the length values in columns, where m is the number of cables. The current
length l(t) is uniquely determined by the current shape θ(t). The values of
the variables at the equilibrium configuration are denoted by θe ∈ Rn and
le , λe ∈ Rm .
Suppose the rest lengths of q cables are changed by actuators in real time. Let
Ma ⊆ Im be the set of indices for the actuated cables, i.e., λi (t) for i ∈ Ma are
controlled by actuators, where Im is the set of positive integers up to m. Define
the control input by the rest length perturbation u(t) := Ta (λ(t) − λe ), where
a positive input means that the cable is lengthened, and Ta ∈ Rq×m is a matrix
formed by the ith rows of the identity matrix for i ∈ Ma . For feedback control
design, the current lengths of p cables, li (t) for i ∈ Ms , are assumed available,
where Ms ⊆ Im is the set of indices for sensed cables. Let Ts ∈ Rp×m be a
matrix formed by the ith rows of the identity matrix for i ∈ Ms , and define the
sensor output as the current length perturbation y(t) := Ts (l(t) − le ). A fully
nonlinear model of the tensegrity system can be developed from the EulerLagrange equation. Assuming that the input u and the resulting perturbed
motion ϑ(t) := θ(t) − θe are both small, the input-output dynamics, from u
to y, can be linearized and approximated by a p × q transfer function matrix
P (s), as discussed in [36].
We assume that a point on the structure is fixed to the inertial frame, all
the bars are tightly constrained by the cable tensions at the equilibrium, and
any admissible motions of the bars are subject to small friction. In this case,
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there is no rigid body mode and the system is stable with lightly damped
poles, which define n natural modes of oscillation. When the linear system
P (s) is driven by sinusoidal inputs u(t), the forced response y(t) has a locally
maximum amplitude at a resonance frequency, which is close to a natural
frequency. The resonance and natural frequencies of the original nonlinear
system would depend on the amplitude of oscillation in general, but are close
to those of the linear model when the amplitude is small.

2.2

Antagonistic Actuation and Collocated Sensing

We are interested in designing a feedback controller to achieve a prescribed
mode of resonance oscillation for the closed-loop system (precise problem formulation will be given later). The first step toward this goal is to select cables
for sensing and actuation. Tensegrity structures are analogous to musculoskeletal systems in biology in that the cables act like muscles that actuate the body.
An important property shared by cables and muscles is that they are only able
to impart force through tension, not compression. The property necessitates
at least a pair of antagonistic muscles to drive a skeletal joint in biological
systems. This motivates us to choose a pair of antagonistic cables to actuate
the tensegrity structure.
A nominal configuration of practical importance is one of symmetry, and the
natural oscillations about this configuration are symmetric as well. If two
actuators are placed at symmetric locations, then they would act as an antagonistic pair. To elaborate on this point, consider a symmetric structure driven
by two symmetrically placed actuators with collocated sensors. In this case,
the transfer function P (s) is 2 × 2, and let its (i, j)th entry be denoted by
Pij (s) with i, j = 1, 2. Since the effect of u1 on y2 is the same as that of u2 on
y1 by symmetry, we have P12 (s) = P21 (s). By a similar argument, we arrive
at P11 (s) = P22 (s). Hence, antagonistic actuations u1 = −u2 leads to








=

 y1 


y2









= (P11 − P12 ) 

 P11 P12   u1 

P12 P11



−u1



 u1 

−u1

,

indicating that the resulting outputs y1 and y2 are also antagonistic; y1 = −y2 .
For a general tensegrity structure, there may be no choice of antagonistic
cables. The following is a definition for an extended notion of antagonicity
that broadens applicability of controlled tensegrity structures.
Definition 1 A system P (s) is said to be antagonistic if it has two inputs and
two outputs, and there exist a nonzero scalar transfer function ρ(s), nonzero
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η ∈ R, and matrices H, G ∈ R2×2 such that
HP (s)Ge = ηρ(s)e,

∀ s ∈ C,



T

where e := 1 −1

.

(1)

Condition (1) means that if a pair of anti-phase inputs u = e sin(ωt) is applied to the augmented system HP (s)G, then its outputs oscillate also in an
anti-phase manner in the steady state. The parameter η is redundant in this
definition but will become useful later as a design freedom. It turns out that
the gain matrices H and G can always be chosen to be diagonal, providing
conditioning of the inputs and outputs (i.e., scaling of their magnitudes) to
the original system P (s). Note that antagonicity of P (s) is equivalent to the
existence of matrices G and H such that HP (s)G has the fixed eigenvector e
for all s ∈ C.
We consider a tensegrity structure described by an antagonistic transfer function P (s). In addition, we assume that the sensors and actuators are collocated
(Ma = Ms and Ta = Ts ). It is well known that mechanical systems with collocated sensors and actuators are related to positive real transfer functions.
For tensegrity structures, it can be proved that sensor/actuator collocation
makes sKP (s) positive real, where K is the diagonal matrix comprising the
stiffnesses of the actuated cables (the slopes of the force-length curves at the
equilibrium). An important consequence is that the transfer function ρ(s)
in (1) can always be chosen such that sρ(s) is positive real for collocated
antagonistic systems.
In summary, we consider the class of systems satisfying the following:
Assumption 1 The system P (s) is stable with lightly damped poles, is antagonistic, and satisfies (1) with a positive real transfer function ρ(s).
A system is easily controllable to achieve high bandwidth tracking with a reasonable amount of control effort if the system is positive real [14]. Analogous
to this fact, it turns out that the positive realness of the tensegrity system is
important for achieving entrainment to the second or higher resonance mode.
Selection of antagonistic actuators and collocated sensors is motivated by musculoskeletal biomechanics, and will make the RIO a particularly suitable choice
for the controller to achieve resonance entrainment as described in the next
section.

2.3

CPG Control and Resonance Entrainment Problem

The most basic CPG unit is the reciprocal inhibition oscillator. It is a system
of two neurons with mutually inhibitory synaptic connections. Each neuron
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can be modeled as a mapping from input wi to output vi as shown by [9]:
vi = ϕ(qi ), qi = f (s)wi , f (s) :=

2ωo s
,
(s + ωo )2

(2)

for i = 1, 2. The transfer function f (s) is a bandpass filter centered at the
frequency ωo , capturing the lag and adaptation characteristics of neuronal
dynamics. The nonlinearity ϕ(x) captures the threshold property of neurons,
and is assumed to be an odd, bounded, increasing function that is strictly
concave on x > 0 and satisfies ϕ0 (0) = ϕ(∞) = 1. A suitable choice for ϕ(x)
is the hyperbolic tangent function, tanh(x), which is used in our numerical
study.
To build an RIO, inhibitory connections link two neurons as shown in Fig. 1,
where each N represents the neuron model (2), and µ > 0 is the neuronal
coupling strength. The RIO is regarded as a system with input r(t) ∈ R2 and
output v(t) ∈ R2 , and is described by


v = Φ(q),

q = f (s)(M v + r),

M := 




0 −µ 
,
−µ 0

(3)

where Φ := ϕI acts on q elementwise. When µ is sufficiently large, the RIO
exhibits anti-phase (or antagonistic) oscillations of q1 and q2 without any input
r, where the frequency is roughly equal to ωo [9]. Moreover, this reference has
proved that, if the input r is antagonistic (r1 = −r2 ), then so is the output v in
the steady state (v1 = −v2 ), regardless of the initial condition. This property
makes the RIO a suitable candidate for controlling a tensegrity structure with
antagonistic actuators and collocated sensors.
r1- e w1N
−
6
µ
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H
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Fig. 2. RIO controller

Fig. 1. Reciprocal inhibition oscillator

The inspiration from biology is to place the RIO in a feedback loop with the
mechanical system to be controlled; y = P (s)u. The RIO output v is thus
used to generate the control input u through actuation gain G ∈ R2×2 , and
the plant output y will return as r through sensing gain H ∈ R2×2 , as shown
in Fig. 2. The resulting closed-loop system is described by
q = f (s)(M + HP (s)G)Φ(q).
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The symbols G and H are used for the gains here because it turns out that
good choices for the gains are those satisfying the antagonicity condition (1).
The problem addressed in this paper can now be formulated as follows.
Resonance Entrainment Problem: Consider the plant P (s) satisfying
Assumption 1 and the RIO control described by (3) and Fig. 2. Design the
controller parameters G, H, µ, and ωo such that closed-loop oscillations for
(4) occur at or close to a prescribed resonance mode.
It would be extremely difficult or intractable to solve the problem with theoretical guarantees for existence and stability of a limit cycle or closeness to the
resonance mode. To derive practically useful design conditions, we will choose
to address the problem through an approximate method in the next section.
The entrainment property has been fully analyzed and confirmed in a different
setting (single-input, single-output one-DOF system) [9, 15]. We have adopted
the RIO model in Fig. 1 from [9], but modified its input-output architecture to
deal with two-input, two-output antagonistic systems arising from tensegrity
structures. More importantly, the previous work dealt with a unique resonance of a one-DOF system, while we consider entrainment to one of many
resonance modes of a multi-DOF system, which is more difficult. A slightly different control objective, called natural entrainment, has been considered for
multi-DOF mechanical systems [10], where not only the frequency but also
the mode shape are required to be close to a natural mode of oscillation. A
condition for natural entrainment of possibly underactuated systems is given,
but this condition is strong due to the mode shape requirement and can often
be violated for systems with a small number of actuators (although it works
fine when fully actuated). Our problem formulation removes the mode shape
requirement, making it possible to obtain a more useful design condition for
antagonistic systems.

3

3.1

Control Design for Resonance Entrainment

Design of Feedback Gains for Antagonicity

This section shows how to choose the feedback gains G and H. A reasonable
choice is those satisfying the antagonicity condition (1) because such choice
would make antagonistic oscillations of q1 and q2 a solution to the closedloop system (4) as shown in the next section. The following result gives
a computationally verifiable condition for checking whether a given transfer
function is antagonistic. The result also provides a constructive procedure to
find G and H.
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Lemma 1 Let a stable 2×2 transfer function P (s) be given. The system P (s)
is antagonistic if and only if Q is singular and R +RT is singular or indefinite,
where Q and R are matrices constructed as follows. Let (A, B, C) be a minimal
realization of the transfer function
T



q(s) := P11 (s) P12 (s) P21 (s) P22 (s)

.

(5)

Define Q := CXC T where X is the controllability Gramian of (A, B). For the
null space of Q, let r be its dimension, and let N ∈ R4×r be a matrix whose
columns form its basis. Define R = n1 nT4 − n2 nT3 , where ni ∈ Rr is the ith
column of N T .
Proof. There exists ρ(s) satisfying (1) if and only if
e⊥ HP (s)Ge = 0

⇔
⇔
⇔

h̄T P (s)ḡ = 0,
tr(F P (s)) = 0,
q(s)T f = 0,

where




e⊥ := 1 1 ,

h̄ := (e⊥ H)T ,

ḡ := Ge,

F := ḡ h̄T ,



f := F11 F21 F12 F22

with Fij and Pij (s) being the (i, j) entries of F and P (s), respectively. Further
note that, due to stability of q(s), we have
q(s)T f = 0,

∀s∈C

⇔

Qf = 0,

Q :=

1 Z∞
q(jω)q(jω)∗ dω.
2π −∞

The matrix Q is given by Q = CXC T with the controllability Gramian X.
Thus, existence of f such that Qf = 0 is necessary. Conversely, for such f ,
the gain matrices G and H, such that F = ḡ h̄T , can be constructed if and
only if det(F ) = 0, or f1 f4 = f2 f3 holds. Therefore, antagonicity is equivalent
to the existence of a nonzero vector f such that Qf = 0 and f1 f4 = f2 f3 . A
vector f satisfies Qf = 0 if and only if f = N z holds for some z ∈ Rr . Such
f satisfies f1 f4 = f2 f3 if and only if z is chosen to satisfy z T Rz = 0. Finally,
such nonzero z exists if and only if R + RT is indefinite or singular.
2
The definition and the associated verifiable condition for antagonicity can be
applied to any stable 2 × 2 transfer function and are not limited to tensegrity
systems. When the condition in Lemma 1 is satisfied, the parameters in (1)
can be obtained as follows. First, let z ∈ Rr be a nonzero vector such that
z T Rz = 0, and set f := N z. Define F ∈ R2×2 by f = [ F11 F21 F12 F22 ]T .
Let Go := diag(a1 , −a2 ) and Ho := diag(b1 , b2 ) be defined by any full rank
9
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factor a, b ∈ R2 of F such that F = abT . Then the choice
G := gGo , H := hHo , η := gh, ρ(s) := eT Ho P (s)Go e/2,

(6)

satisfies (1) for arbitrary g, h ∈ R. The freedom in the sign of z can be used to
introduce normalization ρ(0) > 0 and make sρ(s) positive real when sensors
and actuators are collocated. For control design, we choose the feedback gains
G and H as described above, where Go and Ho are fixed but g and h are left as
design parameters to be specified later. It turns out that the essential design
freedom is captured by their product η, and their individual values just scale
the oscillation amplitude of the tensegrity structure.

3.2

Oscillation Analysis

In this section, we show that the choice of feedback gains made in the previous
section leads to a closed-loop system that can have antagonistic oscillations
when the controller parameters η, µ, and ωo are chosen appropriately. We
will apply the method of harmonic balance [13] to the closed-loop system
and derive a condition under which the harmonic balance predicts existence
of oscillations. The frequency and amplitude of oscillation are also characterized. The result will be used in the subsequent sections to examine when the
predicted frequency is close to one of the resonance frequencies.
The set of solutions q(t) to the closed-loop system (4), with G and H satisfying
(1), includes antagonistic trajectories characterized by q(t) = x(t)e for some
scalar signal x(t). To see this, note that e is an eigenvector of both M and
HP (s)G:
M e = µe,

HP (s)Ge = ηρ(s)e.

Hence, the signal q(t) = x(t)e satisfies (4), where x(t) is a solution to
x = f (s)(µ + ηρ(s))ϕ(x).

(7)

Thus, if this system has a periodic trajectory x(t), then the closed-loop system
(4) has antagonistic oscillations q(t) = x(t)e. The design parameters in (7) are
µ, η, and ωo embedded in f (s).
We analyze the system (7) using describing functions [17]. Recall that a periodic signal x(t) may be approximated by a sinusoid x(t) ∼
= a sin(ωt + b)
through the Fourier series expansion. Such approximation would be reasonable for (7) because the band pass filter f (s) attenuates the bias and higher
order harmonics. The describing function of the nonlinearity ϕ(·) is an amplitude dependent gain κ(a) such that ϕ(x) ∼
= κ(a)x, where the approximation
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is based on the Fourier series of ϕ(x). When ϕ is an odd sigmoid function as
assumed earlier, κ(a) is real valued and monotonically decreasing from one to
zero on a > 0.
Approximating the nonlinearity ϕ(x) by its describing function κ(a)x, the
system (7) becomes quasi-linear and its characteristic equation is given by
1 = ηκ(a)f (s)g(s),

g(s) := µ/η + ρ(s).

(8)

The harmonic balance equation is obtained by setting s = jω in this equation:
1 = ηκ(a)f (jω)g(jω).

(9)

The variable x(t) in the closed-loop system (7) is expected to oscillate at a
frequency ω and amplitude a satisfying (9).
Since κ(a) is real positive, from (9) we obtain the phase balance condition
∠[ηf (jω)g(jω)] = 0, or equivalently,
∠f (jω) + ∠g(jω) =





0, (when η > 0),


 −π,

(10)

(when η < 0),

where ∠(·) denotes the angle of a complex number in polar coordinates. Solutions ω to (10) represent possible closed-loop, steady-state oscillation frequencies. These candidates, however, may not admit any solution a to (9).
In particular, the range of the describing function κ is the interval (0, 1), and
hence there exists a satisfying (9) if and only if
1 < ηf (jω)g(jω),

(11)

If this condition is violated for a particular ω, it means that the frequency ω
does not satisfy (9) for any amplitude a, and hence the closed-loop oscillation is
not expected at this frequency. On the other hand, if (11) holds, the oscillation
amplitude a of x(t) can be estimated from
a = κ−1 (1/ηf (jω)g(jω)).

(12)

The process described above would predict multiple oscillations for the closedloop system in general, but not all of them are stable.
Stability of the closed-loop oscillations can be predicted from the associated
characteristic equation (8). In particular, the predicted oscillation (ω, a) is expected to be stable if the quasi-linear system (8) is marginally stable [11, 15].
Graphically, candidate oscillation frequencies are characterized by intersections of the Nyquist plot of ηf (jω)g(jω) with the real axis greater than
one. The coordinate of each intersection d specifies the amplitude through
11
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a = κ−1 (1/d). Since the critical point 1/κ(a) moves to the right/left when the
amplitude a is increased/decreased, the quasi-linear system (8) is marginally
stable when the intersection is the rightmost one. Thus, the phase balance
condition (10) gives possible frequencies for the closed-loop oscillations, only
those satisfying (11) remain as candidates, and the one that gives the maximum value of |ηf (jω)g(jω)| is expected to represent the stable oscillation.
Summarizing the argument, we have the following result.
Proposition 2 The harmonic balance condition predicts existence of a stable
limit cycle for the closed-loop system (4) if and only if |η| > 1/γ where
γ := max
|ξ(jω)| subject to ∠ηξ(jω) = 0,
ω

(13)

where ξ(s) := f (s)g(s). The maximizer gives the estimated frequency of oscillation, and the amplitude a is estimated from κ(a)ηγ = 1.
The result indicates that the closed-loop system (4) is expected to have a
stable limit cycle when the feedback gain η is sufficiently large in magnitude.
Note that the phase balance constraint ∠ηξ(jω) = 0 in (13) depends only
on the sign (but not the magnitude) of the gain η; the condition means that
the value of ξ(jω) is real and its sign is the same as η. The frequency of the
closed-loop oscillation is thus estimated to be the one that gives the maximum
gain |ξ(jω)| among those frequencies satisfying the phase balance condition.
The goal of resonance entrainment is for ω to be near a desired resonance
frequency. The condition (13) will be directly useful for a numerical characterization of the controller parameters ωo , η, and µ for resonance entrainment
as shown in Section 3.4. However, let us first gain some analytical insights
into the entrainment mechanisms by considering a limiting case for (13) in
the next section.

3.3

Resonance Entrainment Mechanism

We consider the limiting case where µ/η and the damping ratios are small,
say, of -order. 1 Since sρ(s) is positive real, ρ(s) can be given in the form


 zj

:= s2 + 2ζ̄j ω̄j s + ω̄j2 ,
z1 · · · zn
,
ρ(s) =
p1 · · · pn 
 p := s2 + 2ζ ω s + ω 2 ,
i
i i
i
1

(14)

A function f () is said to be of -order if there exist constants c and o such
that |f ()| ≤ c|| for all  such that || < o , and we denote this relationship by
f () = O(). The case we consider here assumes that the system parameters depend
on a fictitious small parameter , and are small in the sense of O().
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where i ∈ In , j ∈ In−1 , zn is a (real) high frequency gain, ζi and ζ̄j are the
damping ratios, and ωi and ω̄j are the undamped resonance and anti-resonance
frequencies, respectively. For ease of presentation, let us define ω̄0 := 0. In the
limiting case, we have the following condition for resonance entrainment.
Proposition 3 Consider the closed-loop system (4) with the essential dynamics ρ(s) of the plant given by (14). Suppose the control gain µ/η and the damping ratios ζi and ζ̄j are O() with a sufficiently small . Let k ∈ In be a desired
mode of resonance oscillation. Then the closed-loop system is expected to oscillate with frequency ω = ωk +O() if the gain η and the intrinsic RIO frequency
ωo satisfy
η < −1/|f (jωk )g(jωk )|,

ω̄k−1 < ωo < ωk ,

provided the gain |ρ(jωi )| is nonincreasing for i ≥ k.
The harmonic balance analysis in the previous section predicts, in the limiting
case, that entrainment to the resonance mode ωk is achieved through a negative
high gain feedback when the RIO frequency ωo is chosen to be just below ωk .
The rest of this section will explain how we reach this conclusion and also
discuss what happens if the controller parameters are chosen differently.
First recall that the resonance and anti-resonance frequencies of a positive real
transfer function satisfy the interlacing property (see e.g., [23])
ω1 < ω̄1 < ω2 < ω̄2 < · · · < ωn .
The gain plot of ρ(s) has alternative peaks and valleys at which the phase
curve goes down and up, respectively, between 0o and −180o as shown in
Fig. 3. The band pass filter f (s) has a maximum gain at ωo and its phase
drops around ωo from 90o to −90o . Since µ/η is small, g(s) is close to ρ(s),
and the oscillation would occur near an intersection of the phase curves for
ρ(s) and −ηf (s) due to (10).
In general, there are multiple intersections, i.e., solutions ω to the phase balance equation. However, every solution is close to one of the following; ωo , ωi ,
and ω̄i , in the sense that the distance measured by
ωi
1 ω
ω̄i
1 ω
−
, $̄i :=
−
$i :=
2 ωi
ω
2 ω̄i
ω








is small. In particular we have $i = O() for some i ∈ In ∪ {o} or $̄j = O()
13
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Fig. 3. Entrainment condition from the Bode perspective

for some j ∈ In−1 . To see this, note that
"

!#

j(2ωo ω) µ z1 · · · zn
=[f (jω)g(jω)] = 0 ⇔ =
+
=0
po
η p1 · · · pn
"
!
#
µ
⇔R
· p1 · · · pn + z1 · · · zn p∗o p∗1 · · · p∗n = 0
η
⇒ $o $1 · · · $n · $̄1 · · · $̄n−1 = O()
⇒



 $i

= O() for some i ∈ In ∪ {o}, or


 $̄

= O() for some j ∈ In−1 ,

j

where po := 2ωωo (j − $o ). Furthermore, it can readily be shown that
$k = O()

⇒

ω = ωk + O().

A typical situation is visualized in Fig. 3. When the damping ratios are small,
the phase curve of ρ(s) abruptly changes by 180o near resonance and antiresonance frequencies. This approximates the phase curve of g(s) when the
relative gain µ/η is small, and forces the phase balance to occur near ωi , ω̄i , or
ωo . From Proposition 2, entrainment to the k th resonance mode would occur
if the phase balance occurs at ω ∼
= ωk , the gain |ξ(jω)| is the largest among
all frequencies at which phase balance occurs, and |ηξ(jω)| > 1.
14
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Consider the negative feedback case
η < 0, ω̄k−1 < ωo < ωk .

(15)

The phase balance for this case occurs near resonance and anti-resonance
modes higher than ωo (see red curves in Fig. 3). Among these candidates for
oscillations, the one with the largest gain |ξ(jω)| is expected to be stable.
Since the gain at ω̄i is almost zero for small , oscillations near anti-resonance
frequencies would be unstable. The gain |f (jωi )| is smaller for higher frequency
ωi . Hence, if the peak gain |g(jωi )| has the same decreasing property, so does
the overall gain |ξ(jωi )|. Thus, the stable oscillation would occur at the lowest
resonance mode ωk among those higher than ωo . Approximate entrainment to
the k th resonance mode would thus be expected if (15) holds, provided ζi , ζ̄i ,
and |µ/η| are sufficiently small. This explains Proposition 3.
Next consider the positive feedback case
η > 0, ωk < ωo < ω̄k .
In this case, the phase balance occurs near resonance and anti-resonance modes
lower than ωo (see blue curves in Fig. 3). Again, the predicted oscillation
near an anti-resonance is expected unstable because the gain |ξ(j ω̄i )| is small.
At resonance frequencies, the gain |f (jωi )| increases with i, while |g(jωi )|
decreases with i. Hence, the two effects tend to cancel each other and the
stability property depends on the magnitudes of the relative effects. Therefore,
the mode to which stable entrainment occurs can be different for different plant
transfer function g(s). It turns out that the CPG tends to entrain to the first
mode of resonance for the tensegrity structure studied later. In the other cases
where
η > 0, ω̄k < ωo < ωk+1

or

η < 0, ωk < ωo < ω̄k ,

the phase balance occurs near ωo . Whether the oscillation at ω ∼
= ωo is stable
or unstable depends on the actual amount of damping and the location of ωo
within the interval between a resonance and an anti-resonance. Entrainment
to a resonance mode is not expected in these cases anyway.

3.4

Design by Mode Partition Diagrams

In the previous analysis, we have shown that the closed-loop system (4) is
expected to oscillate when |η| is sufficiently large, and that the frequency ω of
the closed-loop oscillation is close to either a resonance frequency of the plant
or the intrinsic frequency of the RIO, provided the plant has sufficiently small
damping. For each controller parameter pair χ := (ωo , η/µ), the estimated
15
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frequency ω(χ) is determined as the optimizer of (13). The basic questions
are: in which region of the controller parameter space χ, is ω(χ) close to a
prescribed resonance frequency, and how to quantify the closeness when the
damping is nonzero? This section addresses these questions and develop a
control design procedure.
The mode partition diagrams (MPDs) illustrate the expected entrainment
characteristics of the closed-loop system by separating the χ parameter space
into regions where entrained frequency ω(χ) is expected close to the k th resonance frequency, the intrinsic RIO frequency, or neither. Let these sets be
denoted by Ok , Oo , and N, respectively. In particular, we define
Ok := {χ ∈ R2 : ek < εk ,

ek < ei , ∀ i ∈ In ∪ {o}\{k} }

Oo := {χ ∈ R2 : eo < εi ,

eo < ei , ∀ i ∈ In },

(16)

where εi for i ∈ In are small numbers representing the error tolerance, and
ei (χ) :=

ω(χ) − ωi
,
ωi

for i ∈ In ∪ {o}. The set N is defined by χ for which there is no feasible
solution to (13) or the estimated closed-loop frequency ω(χ) is outside of the
error bound εi for all i. The MPD is obtained by visualizing the regions Ok ,
Oo , and N through numerical solutions to the optimization problem in (13)
for selected grid points on the χ-plane . Once the MPD is found, the controller
parameter χ can be chosen from the region Ok of the desired resonance mode
k. A remaining question is how to set the error bounds εi for i ∈ In .
We will develop analytical bounds on the entrainment error in the frequency
through a slight modification of a result in [9], which suggests the following:
ζi
εi := o ,
$i

$io

1 ωo
ωi
:=
−
.
2 ωi
ωo




To this end, note that the transfer function ρ(s) has a frequency response
illustrated in Fig. 3, and can be approximated by a second order transfer
function near a resonance mode. Let ρ̃(s) be an approximation of ρ(s) in the
neighborhood of the k th resonance mode s ∼
= jωk :
ρ(s) ∼
= ρ̃(s) :=

δk ωk2
s2 + 2ζk ωk s + ωk2

where δk ∈ R is an appropriately chosen parameter. The following result can
be proved through a slight modification of results in [9, 10].
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Proposition 4 Suppose the harmonic balance condition
1 = ηκ(a)f (jω)(µ/η + ρ̃(jω))
holds and the associated quasi-linear system is marginally stable. Then we have
ζk
ω − ωk
≤ o
ωk
$k

if (ωo − ωk )(η/µ − 2$ko ζk /δk ) > 0,

ω − ωo
ζk
≤ o
ωo
$k

if (ωo − ωk )η < 0.

Proof. The result is obtained by replacing η in [9] by (δk /2)η.

2

The error bound |ζk /$ko | is independent of the value of δk , and is determined
by the damping ζk and the distance $ko between ωk and ωo . Hence, the bound
is valid even if the approximation parameter value δk is inaccurate as long
as the effects of the other poles and zeros in ρ(s) can be captured by a real
constant δk . In reality, the imaginary part of δk is close to but may not be
exactly equal to zero, and this could potentially make the bound violated.
However, we find the quantitative bounds useful in constructing MPDs.
We now summarize the procedure to solve the Resonance Entrainment Problem to achieve closed-loop oscillations near a prescribed resonance mode k.
Design Procedure:
1. Find the scaling matrices Go and Ho as described in Section 3.1, and define
ρ(s) as in (6).
2. Construct the MPD to identify the set Ok in (16) by solving the optimization
problem (13), and choose a parameter pair (ωo , ηµ ) ∈ Ok .
3. Choose a value for neuronal coupling strength µ > 0.
4. Select actuation gain g to attain a desired amplitude of oscillation for the
plant output y at resonance, where the amplitude is estimated from y(t) ∼
=
<[ŷejωt ] with ŷ = P (jω)gGo κ(a)ea and a is given by (12) with ω = ωk .
5. Set the feedback gains G := gGo and H := hHo , where the sensory gain is
defined by h := η/g and η := µηµ .
6. The controller is given by Fig. 2 with the RIO given by (3), where the
parameters G, H, ωo , µ are as specified above.
The controller thus designed is expected, by harmonic balance, to entrain to
the k th resonance mode with the frequency of the closed-loop oscillation ω
satisfying the error bound |(ω − ωk )/ωk | ≤ |ζk /$ko |. The main design freedom
is in Steps 2 and 3. In regards to Step 2, note that the further ωo is from the
targeted frequency ωk , the smaller the error bound |ζk /$ko | becomes. Hence,
the designer will want to maximize the distance |ωo − ωk |, while remaining in
the Ok region of the MPD. In Step 3, a choice µ > 1 will ensure that the RIO
17
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oscillates autonomously without input (by Lemma 1 of [9]), but this is not
necessary for resonance entrainment.

4

Tensegrity Application

The design method outlined in the previous section is applied to the three
cell tensegrity beam presented below. Accuracy of the MPD and robustness
of resonance entrainment are demonstrated by evaluating the design against
simulations of a fully nonlinear model of the tensegrity dynamics.

4.1

Three cell beam

Consider the three cell, class two tensegrity beam shown in Fig. 4. Each bar
has equivalent mass m, moment of inertia J, and length b. The base nodes
are separated by distance w. Nodes n1 through n4 have mass ma and nodes
n5 and n6 have mass mb . There are nine cables li with i ∈ I9 , and each cable
is assumed to have a linear stiffness k. Viscous damping d is assumed to act
on the relative angular velocities of the bars at each node. The cable length is
determined from the shape variable θ ∈ R6 , and let us denote this dependence
by li (θ). A symmetric configuration will be assumed for the static equilibrium
such that
−θ1 = θ2 = −θ3 = θ4 = −θ5 = θ6 =: θo ,

(17)

as shown in Fig. 4(a), where we choose θo such that b sin θo = w. In Appendix A, analytical solutions to the static equilibrium condition are developed, providing expressions for the rest length λe ∈ R9 given the shape
θe ∈ R6 . Appendix B summarizes the parameter values used for this application.
w

(a)

(b)

Fig. 4. Three cell, class two tensegrity beam. Bars are shown in black, cables in red.

This structure has six natural modes of oscillation; the mode shapes are illustrated in Fig. 5, and the natural frequencies and damping ratios are summarized in Table 1. Cable pairs (l1 , l2 ), (l3 , l4 ), and (l5 , l6 ) are antagonistic and
there are two possible actuation and feedback gain configurations for each
pair. The first configuration produces diagonal G and H matrices of the form
18
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G = gI and H = hI, where the cables are actuated anti-phase and modes 1, 2,
and 5 can be excited. The second configuration produces in-phase actuation
of the cables, capable of exciting modes 3, 4 and 6, and requires G and H
matrices of the form G = gE and H = hE, where E := diag(e). In either
case, the essential tensegrity response ρ(s) is given by (6), and the transfer
function sρ(s) is positive real.

y [m]

Table 1
The frequencies and damping ratios for the natural modes of oscillations

y [m]

ωinat

ζinat

1

12.57

0.0212

2

77.65

0.0850

3

93.84

0.0702

4

175.83

0.0274

5

204.35

0.0314

6

218.58

0.0086

0.1

0.1

0

0
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y [m]
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Fig. 5. Linearized natural modes, frequencies in rad/sec. Strings omitted for clarity.

The physical limitation of cables going slack can be included in the a full
nonlinear dynamic model. In particular, we impose the following nonlinearity
to the elastic tension τi (θ, λi ) in the ith cable:
τi (θ, λi ) := k · max(li (θ) − λi , 0)
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where max(x, 0) is equal to x when x ≥ 0 and is zero when x < 0. The
slack condition is ignored for the linearized model used in the control design,
but is included in numerical simulations of the nonlinear dynamics for design
evaluation.

4.2

Accuracy of MPD for Resonance Entrainment

We select (l1 , l2 ) as the antagonist pair with which to control the structure.
Following the Design Procedure given in Section 3.4, the controller parameters
are found. As mentioned earlier, Step 1 of the Design Procedure gives two
choices Go = Ho = I and Go = Ho = E. We take the former and define ρ(s)
by (6). The control objective is to excite natural modes 1, 2, and 5, which
appear as resonance modes 1, 2, and 3 of ρ(s) for the selected sensor/actuator
pairs, and thus we have ω1 = ω1nat , ω2 = ω2nat , ω3 = ω5nat . We set µ = 1.1 and
choose g such that the first bar oscillates with an amplitude of 4◦ , resulting
in the gain values g = 6.18 × 10−4 , 1.05 × 10−2 , and 3.19 × 10−2 for modes 1,
2, and 3, respectively. The MPD for these modes is constructed as shown in
Fig. 6. To generate the MPD, the parameter plane (ωo , η/µ) is gridded into
32000 points (320 × 100) in the region shown, and it is numerically checked
if each point belongs to N or Ok with k = 1, 2, 3, or o.
The MPD is based on the approximate method of harmonic balance. To assess
accuracy of the MPD, the closed-loop system of the nonlinear equations of
motion and the RIO (3) is simulated for each grid point χ = (ωo , η/µ) ∈
/ N,
until the states reach the steady state oscillation. The Fourier transforms of
discretized signals λ1 , λ2 , l1 and l2 are used to extract the average frequency
of oscillation over complete cycles in the steady state. The error between the
simulated steady state oscillation frequency, ωs , and the predicted frequency,
ω(χ), is defined as ep = |(ω(χ) − ωs )/ωs |, and are presented in Figure 7.
As shown in this contour plot, the error ep is low (ep < 2%) over a wide
area of interest, that is, regions where entrainment to a resonant frequency
is expected. We see that the error increases near the boundaries separating
the regions of the MPD (Figure 6). In some regions, the steady state behavior
does not entrain to a single frequency, and can be the superposition of two
or more frequency components. This behavior is observed on the entrainment
boundaries, and also in areas where entrainment to ωo is expected. Also, we see
that entrainment to the third mode via negative feedback shows higher errors.
We expect that, as |η/µ| increases, the boundary of expected entrainment will
continue to approach the line ωo = ω2 , and the error would decrease with
increasing |η/µ|. Despite the errors in the regions discussed above, the MPD
is accurate in predicting the regions in the controller parameter space in which
entrainment to a resonance mode is achieved.
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Robustness of entrainment

As shown above, the harmonic balance condition is accurate in predicting
the closed-loop response. We have observed, however, that the error between
the predicted and simulated closed-loop frequencies increases as the linearized
tensegrity approximation begins to diverge from the nonlinear tensegrity behavior. As an example, let us choose to target the first mode (k = 1) with the
first bar oscillating at an amplitude of 30◦ , giving g = 2.32 × 10−3 from our
design procedure. Numerical simulation results in the steady state oscillation
shown in Fig. 8, where ωs = 11.74 rad/sec. This is outside of the predicted
error bound (|ζ1 /$1o | = 2.0%, e1 = 6.6%), but we do note that the structure is
roughly achieving its predicted oscillation amplitude. We also note that during
the oscillation cycle, cables 1 and 2 are going slack, which causes a drop in
stiffness, and perhaps a drop in the resonance frequency.
For this reason, we study the nonlinear frequency response, presented in Fig. 9.
For a given actuation amplitude g, the structure is driven by anti-phase sinusoidal signals: λ1 (t) = λa +g sin(ωt), λ2 (t) = λa −g sin(ωt). For each frequency
ω, the Hilbert transforms of discretized signals λ1 , λ2 , l1 and l2 are used to
extract the average amplitude and phase over complete cycles, and compared
to the linearized system, ρ(s). As shown in Fig. 9, as the actuation amplitude
is increased, the resonant frequency decreases. This result is a combination of
two factors, the first being the break down of the small angle approximations
used in the linearized model. Much like a pendulum’s increased period with
increasing amplitude, the same phenomenon is observed with the tensegrity
dynamics. The second factor is the slackening of cables near the nonlinear res21
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Fig. 8. Simulation of entrainment to the first resonance mode: Fig. 8a, angular
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l1 − λ1 (blue) and l2 − λ2 (red), where we note that a cable is slack when its value
drops below zero.
2
1

Gain

Gain

10

0

10

10

1.05

−2

10

1

2

10

10

−50

10

−0.3

10

−100

1.8

−150
−200

1.14

10

Gain

Phase [deg]

0

10

0

10
Frequency [rad/sec]
1

10

2

Frequency [rad/sec]

10

Linear
g = 2.32e-3

g=6.19e-4
g=1.05e-2

Fig. 9. Frequency response characteristics of the linearized and nonlinear dynamics
for modes 1 and 2. We note that the models diverge as the oscillation amplitude
increases (ω1∗ = 11.76, ω2∗ = 71.25).

onance (when the oscillation amplitude is high enough), resulting in smaller
resonance frequencies than those predicted by the linear approximation. This
may explain why the RIO entrained to a lower frequency ωs = 11.74 rad/s
than the linear resonance frequency ω1 = 12.72 rad/s. Indeed, the nonlinear resonance frequency occurs at ω1∗ = 11.76 rad/s when g = 2.32 × 10−3 ,
resulting in an entrainment error of |ωs − ω1∗ |/ω1∗ = 0.2%. This illustrates
the robustness of the CPG controller, as it is able to entrain to the nonlinear
system, even when designed for entrainment to the linearized dynamics.

4.4

Mode switching

The mode partition diagram in Fig. 6 suggests the possibility of switching
between modes by modulating either the feedback η, or the RIO intrinsic
frequency ωo . For this example, we consider the latter and target an oscillation
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amplitude of 8◦ for θ1 for both the first and second modes. The simulation
results are presented in Fig. 10, where the controller parameters and steady
state frequencies (ωs ) are presented in Table 2. Parameters η/µ and µ are
held constant at −1.75 and 1.1 respectively, while ωo , g, and h are ramped
linearly between times ts1 and ts2 . Note that the nonlinear dynamic frequency
Table 2
Mode switching parameters and results
Mode

ωo

g

h

ωs

1 (t < ts1 )

3

6.19 × 10−4

−3.11 × 103

12.57

2 (t > ts2 )

30

1.05 × 10−2

−1.83 × 102

75.45

−25

y [m]

θ1 [deg]

−20
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−35
−40
21
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0.1

0.1
y [m]
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Fig. 10. Switching between modes 1 and 2 by varying ωo . (a) The time course of
θ1 , where ωo changes from 3 to 30 from ts1 to ts2 . (b) and (c) Snapshots of the
tensegrity between times (t1 , t2 ) and (t3 , t4 ) respectively.

response for these gains g are also presented in Fig. 9. We see that, for t < ts1 ,
entrainment to the first mode is achieved, as the linearized tensegrity dynamics
accurately model the structure. For t > ts2 , the steady state system oscillates
at a frequency slightly higher than ω2∗ , but well within the predicted error
bound (|ωs − ω2∗ |/ω2∗ = 5.75%, |ζ2 /$2o | = 7.71%, e2 = 2.83%). This example
highlights the robustness of entrainment, the capabilities of the design method
developed in Section 3.4, and the potential of CPG controllers to entrain to
multiple modes or quite possibly gaits.

5

Conclusion

This paper has presented a systematic method for designing a CPG-based
feedback controller that achieves entrainment to a desired resonance mode of
a general class of tensegrity structures. We considered systems with a pair
of actuators with collocated sensors. The concept of antagonistic systems has
been introduced, and is characterized in the state space. We have developed
conditions for the controller parameters to yield closed-loop oscillations near
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a prescribed mode of resonance, considering the limiting case where the structure is lightly damped. A bound is also obtained for the error between the
entrained frequency and the resonance frequency. The method is based on
the linearized tensegrity dynamics and utilizes the idea of harmonic balance.
These tools provide approximate results, and therefore do not guarantee exact
entrainment. Numerical examples, however, illustrate their effectiveness, and
also demonstrate the robustness of the controller in its ability to entrain to
nonlinear resonance. Additional numerical simulations illustrate the capability
of a CPG-controller to achieve entrainment to multiple resonances by modulating the controller’s intrinsic frequency. This property could be useful in the
control of a robot with multiple natural gaits (e.g. walking and running).
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A

Symmetric Prestressable Configuration

Consider the tensegrity shown in Fig. 4a. We will derive a condition on the
rest length λe such that static equilibrium is achieved at the symmetric configuration (17) with b sin θo = w. All cables are assumed linearly elastic with
uniform spring constant k. Solving the static equilibrium equations for λe with
these geometric constraints produces a solution where λe1 = λe2 , λe3 = λe4 ,
λe5 = λe6 , with λe7 , λe8 and λe9 as functions of λe1 , λe3 , and λe5 . To reduce
the number of free parameters, assume λe1 = . . . = λe6 =: λa . This allows λe
to be expressed in terms of one free parameter, λa :
λe7 = λe8 =
where la :=
tension,

√

wλa
2wλa
− w, λe9 =
,
la
la

b2 − w2 . The following condition enforces all cables to be in

0 < λa < la , 0 < {λe7 , λe8 , λe9 } < w,
which reduces to
la
< λa < la .
2
This result leads to a stiffness matrix with two free parameters, the spring
constant k of the cables and λa . This allows the designer to select appropriate
materials for a physical model, then adjust the pretension using λa to target
specific dynamic properties like natural frequency.

B

Tensegrity Beam Parameters
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Parameter

Value

Units

J

5.0630e-05

kg·m2

m

2.6159e-2

kg

ma

7.0431e-2

kg

mb

4.5726e-2

kg

k

1.3485e+03

N/m

d

0.0100

kg·m2 /s

w

7.6200e-2

m

b

1.524e-1

m

λa

1.2041e-1

m

θo

30

deg
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